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The current literature reports a number of studies of the Einstein gravita- 
tional field equations which are based upon the assumption of very particular 
forms for the coefficient tensor ((h&)1 of the line element 
ds2 = hAB d& dxB. (1) 
In most cases coordinate systems are assumed to exist in the four-dimensional 
Einstein-Riemann space E which induce orthogonal metric structure every- 
where in E. Such coordinate systems are characterized by the requirements 
hAB = 0 A # B. (2) 
Unfortunately, little attention has been paid to the question of consistency 
between the assumptions made with respect to the existence of coordinate 
systems which induce particular metric structure and the assumptions made 
with respect to the form of the momentum-energy tensor if this tensor 
admits jump discontinuities. The question of consistency is basically asso- 
ciated with the continuation of the particular coordinate systems and metric 
structures across surfaces where the momentum-energy tensor admits 
discontinuities. Cast in the context of continuation problems, the consistency 
question is directly answerable in any particular case through the use of 
results reported in previous papers [l]. An answer which is simultaneously 
valid in all cases is not feasible, however, since the details of the continuation 
problems are intimately bound up with the nature and forms of the assumed 
coordinate systems and metric structures. In order to illustrate the method 
which is to be employed in any particular case and to examine certain results 
of central importance in the gravitation theory, we present the following. 
1 Capital italic indices range over the values 0, 1,2,3 while lower case italic indices 
are restricted to the values 1, 2, 3. The summation convention is assumed; the range 
of summation being indicated by the type of index involved. 
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Let C be a three-dimensional surface in the Einstein-Riemann space E on 
which some of the components of the momentum-energy tensor are discon- 
tinuous but with well defined one-sided limits. We assume the existence of 
coordinate systems on one side of X which induces orthogonal metric 
structure and inquire as to whether this structure can be continued across X 
to some open region on the other side, Following the notation of I, we assume 
the coordinate systems under consideration in E are such that (1) is reduced to 
ds2 = V2(xK) (dx”)2 - gij(xK) dxi dxi (3) 
where ((g,J) is positive definite. Combining Eqs. (1) and (3), the conditions 
for orthogonal metric structure given by (3) become 
gii(xK) = 0 i#j. (4) 
Under the statement of the second order discontinuity problem for the 
Einstein field given in I, Section 3, we have 
lthw9n = 0, kij(XK>> An = 0 (5) 
on 2, where the bracket is used in the customary manner to denote the value 
of the discontinuity (i.e, the differences in the values of the right and left 
limits as X is approached). By condition 4 of the second order discontinuity 
problem, the orthogonality conditions (4) will continue to hold in some open 
region on the other side of IX if and only ;f  
cij =o i#j, (6) 
holds over X, where the Cij’s are functions defined over 2 by (I. 3.8, 3.9, 
3.10), i.e., 
Uhm,iiB = cABvivj 
UhAB,d = - GCAB”i 
@amoo ] = G2CAB. 1 
(7) 
The function G is the velocity of propagation of x n (x0 = T) into the three- 
dimensional Riemann space R(T) Ef-fE n (x0 = T) with fundamental metric 
form du(7)2 = gij(#) dxi dxj [see (I. 3.7)], and vi are the covariant compo- 
nents of the unit normal field to E:(T) d2f En (x0 = T) in R(T). 
Denote by S,, the values of the discontinuities in the components of the 
momentum-energy tensor TAB on I; 
sAB = UTAd ; (8) 
where, as usual, the TAB are the right-hand side of the Einstein field equa- 
tions 
BAB - *BhAB = TAB (B = BABhAB). (9) 
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With these assumptions, the analyses contained in I are applicable. These 
analyses give the values of the C’s in terms of the values of the S’s, Y’S, 
4,” = $‘-2Q, (10) 
G, and additional functions over YZ;, and show that there are three cases to be 
considered. For problems of the first class (G # O,$” # 1) the orthogonality 
requirements (6) applied to (I. 4.3) result in the three conditions 
2Sjj = - 2G-1(S,,ivi + Sojvj) 
- [(3 - 2$2) S,,JJ’-~ + (1 - (6”) F + S,,g’On] vivj (i +A (11) 
where F is an arbitrary function over C. For problems of the second class 
(G = 0), the orthogonality requirements applied to (I. 5.12) result in the 
three conditions 
2Sij = - F,vi - Fjvi - (S,,V-2 + F,vk - Sk&m) vIvj (12) 
where the Fk are arbitrary over X ; while for problems of the third class 
(V = l), the orthogonality requirements applied to (I. 6.22) yield 
2~9,~ = Eij + {2~!9,,,,V-~ - F + +(Ekm - 2S,,)gh} vivi (i Zj) 
(13) 
where F and Eij are arbitrary over C to within the conditions 
Eijvj = 0. (14) 
Since there are three or more arbitrary functions appearing in (12) and (13) 
which may be used to satisfy these equations for given SAgB, there is no problem 
associated with the continuation of orthogonal structure across discontinuity 
surfaces which fall into either the second or third class. There is only one free 
function appearing in (ll), however, and hence one can continue orthogonal 
structure across surfaces of discontinuity which fall into the $rst class only if the 
S’s are such as to satisfy the three conditions (11). 
The above conclusions have been obtained as simple and direct 
consequences of the dynamic compatibility conditions and their solutions. 
As a result of the dynamic compatibility conditions, they are practically 
free for the asking. If one were to restrict one’s attention solely to the 
equations SABNB = 0 (NB the four-dimensional normal vector to C) 
usually employed in discontinuity analyses [2] such conclusions would be 
unobtainable with the attendent loss of significant information. To illustrate 
what is lost by so restricting one’s approach and to draw conclusions con- 
cerning certain questions of central importance in the Einstein gravitation 
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theory we shall examine problems of the first class associated with the 
mechanics of finitely extended bodies. 
Consider an Einstein-Riemann space E which is empty with the exception 
of a number of mechanical bodies of finite extent. Such a space is character- 
ized under the Einstein theory by the vanishing of the momentum-energy 
tensor exterior to the bodies. Since the bodies are assumed to be mechanical 
they are characterized by requiring their momentum-energy tensors to 
admit the local unit four vector of velocity WA as an eigenvector with nonzero 
eigenvalue p (= the mass density).2 We thus have 
TABW~ =PWA, (15) 
hABWAWB = 1 (16) 
interior to the bodies with TAB = 0 elsewhere. Noting that TAB is symmetric, 
(15) gives 
TAB =PwAwB +oAB (17) 
inside the bodies, where uAB is the generalized stress tensor characterized by 
uAB WE = 0. (18) 
Thus, since TAB vanished outside the bodies, the functions SAB are given by 
SAB = ,iiWAWB - GAB (19) 
where the bar is used to denote the value assumed as X(T) is approached from 
the interior. 
As noted in the previous papers, the S’s must satisfy certain conditions if 
solutions are to exist to the Einstein field equations in any neighborhood 
which contains a portion of X(T). Restricting our attention to problems of the 
first class (G # 0, 4” # l), it was shown in Section 6 of II that there were 
ten existence conditions resulting from the dynamic compatibility conditions 
of the second and third orders after use of the arbitrary function F in (11). 
These ten equations relate the S’s, the surface and delta time derivatives of the 
S’s, and the functions U,, = [[TAB,iTJ vi, of which four are 
SABNB = 0 
where ((NE)) is a unit spacelike vector give by 
(20) 
Ni = vi(l _ $2)-l/2 NO = G v-2( 1 - ,$2)-W. (21) 
r This characterization of the momentum-energy tensor of a mechanical body is 
the only invariant characterization known to the author which inherently contains the 
elementary notion of kinetic energy. It is obvious that, in general, electromagnetic 
effects are precluded since the momentum-energy tensor of the electromagnetic 
field does not admit the local unit four velocity vector as an eigen vector with the mass 
density as corresponding eigen value except under the most particular circumstances. 
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Thus, if orthogonal structure is to be continued across the boundaries of the 
mechanical bodies of finite extent under the satisfaction of the Einstein 
field equations, the twenty functions S,, and U,, must be such as to 
satisfy the ten equations (II. 6.9, 6.10, 6.11) together with the three equa- 
tions (1 l), where the function F occurring in (11) is now fixed. It might be 
thought that a significant reduction in the number of existence requirements 
could be effected by properly orienting the surface X(T). It was shown in 
II, Section 6, however, that the number of existence requirements is reducible 
by at most three diminished by the rank of S,, (S,, # 0 being assumed). 
It thus immerges that one may assume orthogonal metric structure throughout an 
Einstein-Riemann space which is empty with the exception of a number of mecha- 
nical bodies of finite extent such that G # 0, 4” # 1 only if the discontinuities 
in the momentum-energy tensor are such that (11) and (II. 6.9, 6.10, 6.11) are 
satisfied. 
The above result is by no means trivial. Substituting (19) into (20) gives 
,ii,flAtVBNB + CABNB = 0. (22) 
Assuming neither p nor ((WA)) vanish, we have 
mANA = 0 (23) 
and 
6ABNB = 0 , 
on multiplying (22) by mA and using (18). Combining (18) and (24) we see 
that only three of the ten GAB are independent since ((WA)) and ((NA)) are 
orthogonal by (23). Thus, by (19), S,, depends on only seven independent 
functions since the mA are the components of a unit timelike vector. There 
are, however, nine conditions remaining in the set (11) and (II. 6.10, 611)3 
which must be satisfied if we are to have orthogonal structure throughout E; 
while if we drop the requirement of orthogonal metric structure we have 
only six conditions for the determination of the seven functions appearing 
in S,, and hence the ten U’s can be used to satisfy the higher order existence 
requirements.4 
S The four conditions(II.6.9) have already been used since they are the same as(20). 
4 Requirements arising from compatibility conditions of the fourth order in the h’s. 
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